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Abstract 

We  begin  with  a  review  of  intuitionistic  non-commutative  linear  logic  (INCLL),  a  refinement  of 
linear  logic  with  an  inherent  notion  of  order  proposed  by  the  authors  in  prior  work.  We  then 
develop  a  logic  programming  interpretation  for  INCLL  in  two  steps:  (1)  we  give  a  system  of  ordered 
uniform  derivations  which  is  sound  and  complete  with  respect  to  INCLL,  and  (2)  we  present  a  model 
of  resource  consumption  which  removes  non-determinism  from  ordered  resource  allocation  during 
search  for  uniform  derivations.  We  also  illustrate  the  expressive  power  of  the  resulting  ordered  linear 
logic  programming  language  through  some  examples,  including  programs  for  merge  sort,  insertion 
sort,  and  natural  language  parsing. 
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1  Introduction 


Linear  logic  [Gir87]  can  be  considered  a  logic  of  state,  since  we  can  express  many  problems  involving 
state  in  a  much  more  natural  and  concise  manner  in  linear  logic  than  in  traditional  logics.  It 
supplements  the  familiar  notion  of  logical  assumption  with  linear  hypotheses  which  must  be  used 
exactly  once  in  a  derivation.  Linear  logic  has  found  applications  in  functional  programming,  logic 
programming,  logical  frameworks,  concurrency,  and  related  areas.  One  of  the  critical  properties 
of  linear  logic  is  that  it  extends  traditional  logic  conservatively ,  that  is,  we  strictly  gain  expressive 
power. 

Given  the  many  insights  resulting  from  linear  logic,  we  can  ask  if  other  computational  phe¬ 
nomena  besides  state  can  be  captured  in  a  similarly  logical  manner.  The  one  we  consider  here  is 
the  notion  of  order .  There  are  many  situations  where  computation  is  naturally  subject  to  ordering 
constraints.  Words  in  a  sentence,  for  example,  are  ordered,  which  has  given  rise  to  the  Lambek 
calculus  [Lam58],  a  weak  logic  with  an  inherent  notion  of  order  for  the  analysis  of  natural  language. 

To  fully  explore  uses  of  an  order-aware  logic  in  computer  science,  we  would  like  it  to  conserva¬ 
tively  extend  both  traditional  and  linear  logic.  Recently,  following  early  explorations  [Abr90,  BG91], 
two  such  proposals  have  been  made:  one  by  Abrusci  and  Ruet  rooted  in  a  non- commutative  con¬ 
junction  [Rue97,  AR98],  and  one  by  the  authors  based  on  ordered  hypotheses  [PP99].  Our  system 
of  natural  deduction  provides  a  foundation  for  applications  in  functional  programming,  which  we 
investigated  via  the  Curry-Howard  isomorphism  and  properties  of  an  ordered  A-calculus.  Subse¬ 
quently,  we  exhibited  a  related  sequent  calculus  [PP98]  which  can  serve  as  the  basis  for  proof  search 
procedures.  We  call  our  calculus  intuitionistic  non- commutative  linear  logic  or  INCLL. 

In  this  paper  we  investigate  logic  programming  with  ordered  hypotheses.  We  follow  the  paradigm 
that  logic  programming  should  be  understood  via  an  abstract  notion  of  uniform  derivation  [MNPS91] 
which,  in  a  slight  abuse  of  terminology,  we  take  to  encompass  goal- directed  search  and  focussed  use 
of  hypotheses  [And92].  Somewhat  unexpectedly,  the  extension  of  these  notions  from  the  case  of 
linear  logic  [HM94]  is  far  from  straightforward.  The  principal  contributions  of  this  paper  are 

1.  a  system  of  ordered  uniform  derivations  which  is  sound  and  complete  with  respect  to  INCLL; 

2.  a  model  of  resource  consumption  which  removes  non-determinism  from  resource  allocation 
during  the  search  for  ordered  uniform  derivations  while  remaining  sound  and  complete;  and 

3.  example  programs  which  illustrate  the  expressive  power  of  the  resulting  ordered  logic  pro¬ 
gramming  language. 

We  have  successfully  experimented  with  our  design  and  the  example  programs  through  a  prototype 
implementation  in  the  Twelf  system  [PS98].  In  future  work  we  plan  to  investigate  techniques 
for  lower-level  efficient  implementation  of  ordered  logic  programming,  which  raises  a  number  of 
new  pragmatic  and  theoretical  issues.  We  also  have  to  gain  more  experience  with  the  ordered 
programming  techniques — we  feel  at  present  we  have  barely  scratched  the  surface. 

The  remainder  of  this  extended  abstract  is  organized  as  follows.  We  first  review  the  sequent 
formulation  of  INCLL  in  Section  2  and  then  introduce  uniform  derivations  and  show  their  soundness 
and  completeness  in  Section  3.  We  eliminate  non-determinism  from  resource  allocation  in  Section  4 
and  show  some  example  logic  programs  in  Section  5. 


2  Sequent  Calculus 

We  review  the  sequent  calculus  for  intuitionistic  non-commutative  linear  logic  (INCLL)  first  in¬ 
troduced  in  [PP98].  It  is  shown  there  that  cut  is  admissible  in  this  system,  and  that  there  is  a 
strong  connection  between  cut-free  sequent  derivations  and  normal  natural  deduction  in  INCLL  as 
presented  in  [PP99]. 

For  the  sake  of  brevity  we  restrict  ourselves  to  the  purely  implicational  fragment.  Extension  by 
additive  conjunction  AiiB,  additive  truth  T  and  universal  quantification  \/x.  A  preserve  the  prop¬ 
erties  we  are  interested  in;  occurrences  of  other  connectives  must  be  restricted  as  in  Lolli  [HM94] . 


Formulas  A  P 

atomic  propositions 

|  Ai  ->  A2 

intuitionistic  implication 

|  A\  —0  A2 

linear  implication 

[  A\  — »  A2 

ordered  right  implication 

|  A\  >—>  A2 

ordered  left  implication 

We  note  that  in  the  Lambek  calculus,  A\  >->  A-i  is  written  as  A\\A^  and  Ai  -»  A2  as  A^/ A\. 

Our  sequents  have  the  form  T;  A;  f2  ==>  A  where  T,  A,  and  fl  are  lists  of  hypothesis  interpreted 
as  follows: 

•  T  are  unrestricted  hypotheses  (they  may  be  used  arbitrarily  often  in  any  order), 

•  A  are  linear  hypotheses  (each  must  be  used  exactly  once,  but  in  no  particular  order), 

•  12  are  ordered  hypotheses  (each  must  be  used  exactly  once,  subject  to  their  order). 

We  use  to  stand  for  the  empty  list  and  juxtaposition  for  both  list  concatenation  and  adjoining 
an  element  to  a  list.  Manipulating  linear  hypotheses  requires  a  non-deterministic  merge  operation 
which  may  interleave  the  hypotheses  in  arbitrary  order.  We  denote  this  operation  by  co  which  is 
defined  inductively  as  follows: 

•  X  •  =  • 

A  a  A  ix  Ab  =  (A4  tx  Ab)  A 

Aj4  x  A bB  =  (A^  x  Ab)B 
Lemma  1  A^  x  As  =  A  iff  As  x  A^  =  A. 

(A,4  x  As)  x  A c  =  A  iff  Aa  x  (As  x  Ac)  =  A. 

We  construct  our  sequent  calculus  such  that  the  expected  structural  rules  within  each  context 
will  be  admissible  without  being  explicitly  part  of  the  system.  So  T  admits  exchange,  weaken¬ 
ing,  and  contraction,  A  admits  exchange,  and  12  does  not  admit  any  structural  rules  (except  for 
associativity  which  is  built  in  the  formulation  of  the  context  as  a  list) . 

One  may  logically  think  of  the  three  antecedent  contexts  as  one  big  context  where  the  ordered 
hypotheses  are  in  a  fixed  relative  order  while  the  other  linear  hypotheses  formulas  may  float,  and 
the  unrestricted  hypotheses  may  float  as  well  as  copy  or  delete  themselves.  Generally  the  right 
rules  are  straightforward,  while  the  left  rules  (which  apply  only  to  formulas  in  the  ordered  context 
f2)  require  some  care. 

We  start  with  initial  sequents,  which  encode  that  all  linear  and  ordered  hypotheses  must  be 
used,  while  those  in  T  need  not  be  used. 
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r  ;-;A 


—  init 

A 


We  have  two  explicit  structural  rules:  place  which  commits  a  linear  hypothesis  to  a  particular 
place  among  the  ordered  hypotheses,  and  copy  which  duplicates  and  places  an  unrestricted  hy¬ 
pothesis.  The  non-determinism  implicit  in  these  rules  when  viewed  from  the  bottom  up  ( Where  do 
we  place  A?)  presents  a  major  difficulty  in  designing  a  deterministic  resource  allocation  mechanism 
(discussed  in  Section  4). 

TlATr;  A;  Q,lAQ,r  — »  B  T;  A^A#;  CIlACIr  — >  B 

- copy  - place 

TlATr]  A;  FIl^r  — >  B  f;  ArAAr;  CIl^Ir  — >  B 


The  following  four  rules  describing  the  intuitionistic  and  linear  implications  translate  the  stan¬ 
dard  sequent  rules  for  intuitionistic  linear  logic  into  our  setting.  Note  the  restrictions  on  the  linear 
and  ordered  contexts  in  the  two  left  rules  which  are  necessary  to  preserve  linearity  and  order, 
respectively. 


r^;A;n  =>  B 

- ->R 

r;A;Q  =>  A—yB 

T;  AA;  $1  ==>  B 

- °R 

F;A;ft  =>  A-oB 


T]A‘iQlBQr  =>  C  T;-;-  =>  A 
T;  A;  Ql(A  -»  B)Qr  =►  C 

T,Ab;0>lBQ,r  =>  C  r;  A^;  •  =>  A 

- oL 

T;  Ar  txi  A^;  — < o  B)Q,r  =>•  C 


The  right  rule  for  ordered  right  implication  A  -»  B  adds  A  at  the  right  end  of  the  ordered 
context.  For  cut-elimination  to  hold,  the  left  rule  must  then  take  hypotheses  immediately  to  the 
right  of  the  right  implication  for  deriving  the  antecedent  A.  The  remaining  hypotheses  are  joined 
with  B  (in  order!)  to  derive  C.  We  must  also  be  careful  that  each  linear  hypothesis  comes  from 
exactly  one  premise,  although  their  order  does  not  matter  (hence  the  merge  operation  A#  xi  A^). 

r;A;HA  =>  B  r;  Ajg;  CIrBQr  =>  C  A 

- -»R  - 

r ;  A ;  17  =>  A—»B  T;  Ar  tx  A^;  Hr  (A  —»  B)Qa^Ir  C 


The  rules  for  left  implication  are  symmetric. 


r;A;ylfi  =>  B  T]  Ab]QlBQr  =>  C  =>  A 

- > — >  R  - > — >  r 

F;  A;  0  ==>  A> — >B  T;  Ab  ex  Aa,  Q,rQ,a(A  >— *  B)Q,r  C 


To  give  a  feel  for  how  the  two  ordered  implications  and  the  ordered  context  work,  we  note  the 
following:  A  -»  (A  -»  B)  -»  B  is  not  provable  while  A  -»  (A  -»  B)  >— »  B  is  provable.  Symmetrically, 
A  -»  [A  >— >  B)  -»  B  is  provable  while  A~^  (A^  B)  ^  B  is  not  provable.  Furthermore,  A  -»  (B  >— »  C) 
is  provable  iff  B  >->  (A  -»  C). 

We  now  show  a  sample  derivation  which  sketches  how  INCLL  can  be  used  for  natural  lan¬ 
guage  parsing.  Suppose  F  =  [np  -»  vp  -»  snt,  tv  -»  np  -»  vp,  loves  -»  tv,  mary  -»  np,  bob  -»  np] 
where  all  the  words  and  grammatical  abbreviations  are  atomic  formulas.  We  may  think  of  the 
formulas  in  V  as  a  grammar  for  simple  English  sentences.  The  phrase  to  be  parsed  with  the  gram¬ 
mar  is  in  the  ordered  context.  The  succedent  contains  the  grammatical  pattern  with  which  we 
are  trying  to  classify  the  input.  Thus  to  parse  the  sentence:  mary  loves  bob,  we  would  prove: 
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r;-;mary  loves  bob 


snt. 


0  T;  •;  bob  = 


bob 


init 


T;  •;  np  tv  (bob  np)  bob  =>  snt  T;  •;  loves  loves 
f;  •;  np  (loves  -»  tv)  loves  (bob  -»  np)  bob  =>  snt 


init 


T;  •;  mary  =>  mary 


init 


T;  •;  (mary  np)  mary  (loves  -»  tv)  loves  (bob  -»  np)  bob  =>  snt 
r;-;mary  loves  bob  =^>  snt 


copy  *  3 


where  © 


T;  •;  snt  =>  snt 


-init 


r;-;vp  vp 


init 


r ;  •;  (vp  -»  snt)  vp  ==>•  snt 


r ;  • ;  np  : 


-init 


np 


T ;  •;  (np  -»  vp  -»  snt)  np  vp  ==>  snt 


r;-;np=^np 


init 


T;  (np  -»  vp  -»  snt)  np  (np  vp)  np  =£-  snt 


f;  •;  tv  =>  tv 


-init 


T;  ♦;  (np  vp  snt)  np  (tv  -»  np  -»  vp)  tv  np  =>  snt 
T;  *;np  tv  np  =>  snt 


copy  *  2 


Note  that  this  is  not  the  only  way  to  derive  the  end-sequent.  For  instance,  we  could  have  moved 
all  instances  of  copy  and  place  to  the  beginning  of  the  derivation;  or  we  could  have  applied  -» l 
to  the  formulas  in  a  different  order.  We  leave  a  more  in-depth  and  interesting  example  of  natural 
language  parsing  for  section  5. 

We  shall  now  validate  our  version  of  the  sequent  calculus  by  showing  the  admissibility  of  cut  in 
the  system.  Towards  this  end,  we  have  the  following  lemma. 


Lemma  2  (Weakening,  Contraction,  and  Exchange)  The  following  all  hold: 

1.  r;A;fi  =>  C  implies  FA\  A]  FI  C. 

2.  FAA\  A;  Ft  =>  C  implies  FA ;  A;  FI  ==>  C. 

3.  FrABFr;A‘FI  =>  C  implies  FrBAFr;  A;  Fl  ==>  C. 

4 .  T;  ArABAr]  ft  ==>  C  implies  F;  AlBAAr;  Ft  ==>  C. 


Proof:  By  structural  induction  on  the  sequent  derivation  of  the  given  judgement.  Note  that  the 
structure  of  the  derivation  remains  the  same.  □ 


Theorem  3  (Admissibility  of  Cut)  The  following  three  statements  hold: 

Cut^:  F;Ac;^c  =>  C  and  T;  A;FIrCFIr  =>  A  implies  T;  Ac  txi  A;  FIlFIqFIr  =>  A. 
CutA*  T;  Ac;  •  C  and  F;  AlCAr]  Ft  =>  A  implies  T;  Al  cxi  Ac  cxi  Ar;  Ft  =»  A. 
Cutp:  T;-;*  C  and  FlCFr;  A;  Ft  =$>  A  implies  FrFFr',  A;  Ft  ==>  A . 
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The  following  proof  is  adapted  from  [Pfe94]. 

Proof:  By  induction  on  the  structure  of  the  cut  formula,  the  type  of  cut  where  Cutp  >  CutA  > 
Cut(>.  and  the  derivations  of  the  given  judgements.  Therefore  we  may  apply  the  induction  hypoth¬ 
esis  in  the  following  cases:  1)  the  cut  formula  gets  smaller;  2)  the  same  cut  formula  but  we  move 
from  Cutj  to  Cutn  (or  to  CutA);  2)  the  same  cut  formula  but  we  move  from  CutA  to  Cuto;  4) 
the  cut  formula  and  type  of  cut  stay  the  same  but  one  of  the  given  judgements  of  the  induction 
hypothesis  gets  smaller. 

There  are  4  basic  cases  to  consider:  init  cases  where  one  of  the  derivations  ends  in  with  the 
init  rule,  essential  cases  where  the  principal  formula  of  the  end-sequent  of  both  derivations  is  cut, 
commutative  ease's  where  the  cut  formula  is  a  side  formula  on  the  end-sequent  of  either  given 
derivation.  Note  that  these  cases  are  not  mutually  exclusive. 

case  1:  init  cases. 


case:  F:  :C  =>  C  and  T;  A;  QlCYIr  =>  A  is  trivial. 

- init 

case:  I":  A;  SI  ==>  C  and  r;*;(7  =>  C  is  trivial. 

- init  - init 

case:  T;*;*  =»  C  and  YlCTr,',A  ==>  A  then  YrYYr;-;A  =>  A 


case  2:  Essential  cases. 

FlCTr;  A;  YIlCYLr  =>  A 

- copy 

case:  T;  •;  •  =>  C  and  YlCYr;  A;  =>  A 


Then  by  ind.  hyp.  we  know  (using  Cutp)  YlYYr;  A;  YIrCYIr  A. 

By  weakening  (part  1  of  lemma  2)  we  know  T lYYr]  •;  •  ==>-  C. 

Then  again  by  ind.  hyp.  (since  Cutp  >  Cutu)  we  know  YlYYr;  A;  YLlYLr  ==>  A. 


r; AlAr;QlC£Ir  =>  A 

- place 

case:  TjA^;*  C  and  T;  ArCAr\  QlQr  =>•  A 


Then  by  ind.  hyp.  we  know  T;  Al  x  A c  x  Ar-  YL^YIr  =>  A . 


YA;A;tt  =>  B  Y;AC]^LBnR  =>  C  T;  ■;  •  =>  A 

-  ~^R  - 

case:  F;A;fi  =>  A^B  and  T;  A^;  YIr(A  — >  B)£Ir  =>  C 

Then  by  ind.  hyp.  (using  Cutp)  we  know  rr;  A;Yt  =>  B 
Then  by  contraction  (part  2  of  lemma  2)  we  know  T;  A;  B 

Then  by  ind.  hyp.  (using  Cut^)  we  know  T;  A  exi  A<?;  f IlYIYIr  ==>  C 

case:  -o  is  similar  to  — 
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r;A;AO  B  T;  A#;  YLrBYLr  =>  C  =$>  A 

- y^R  - >->L 

case:  T;A;F!  =>  A^B  and  TjA^ixiA^fl^fiMB)^  =>  C 

Then  by  ind.  hyp.  we  know  T;  A^  xi  A;  =^>  B . 

Then  by  ind.  hyp.  we  know  T;  A^  tx  A  m  A^;  =>  C . 

case:  -»  is  similar  to  >-*. 

case  3:  Commutative  cases  where  cut  formula  is  not  principal  in  first  hypothesis  (i.e.  end-sequent 
of  first  given  derivation  can’t  end  in  a  right  rule). 

T; A#; YIlBYIr  =>  C  T;Aa;&a  =>  A 

- y->L 

case:  T;  Ar  cxj  A^;  YIlYIa{A  >— >  B)Qr  =>  (7  and  T;  A;  =>  £> 

Then  by  ind.  hyp.  T;  A#  IX  A;  YIlc^lBYIrYLrc  =>  D. 

Then  by  >-*l  we  know  T;  A#  cxj  A  m  A^;  YIlc^l^a{A  B)QrYIrc  =>  D. 

The  cases  for  — °l>  — are  similar. 


TlATr',Ac\SIlcAQ,rc  = =>  C 

- copy 

case:  r^r^;  Ac;  =>■  C  and  TlAY  r\  A\YLlCYLr  =>  J9 

Then  by  ind.  hyp.  (using  Cut^)  we  know  YlATr;  Ac  m  A;  YtiYtLC^^RC^R  => 
Then  by  copy  we  know  YrAYr;  A c  xi  A;  YIlYLlc^rC^r  =>  D. 

The  case  for  place  is  similar. 


case  4:  commutative  cases  where  cut  formula  is  not  principal  in  end-sequent  of  second  given  deriva¬ 
tion. 

r;  A;  AYIrCYIr  =>■  B 

-  >  >R 

case:  r;Ac;^c  =>  C  and  T;  A,YLlCYIr  =>  A^B 

Then  by  ind.  hyp.  we  know  T;  Ac  txi  A;  AQ.lQc^r  =>  -B. 

Then  by  we  know  T;  Ac  tx  A;  =>  A>~>  B. 

Cases  for  -^>r,—°r^r  are  similar. 


T;  A#;  =>  -O  T;A^;$7yi  ==>  ^4 

- ^ 

case:  F;Ac?^c  ===^  C  and  T]Ab^<  AA]YtiJiJCYtiJRYlA{A>--*  B)YLr  =>  D 

Then  by  ind.  hyp.  we  know  F;  Ac  x  A r  \  YtiL^C^LREYtR  = =>*  I? 
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Then  by  >— ►£  we  know  T;  Ac  txi  Ab  tx  A^;  QbiCIc^LR^a(A  >— >  B)£iR  =>  D. 


Cases  when  second  given  derivation  is 

T;  Ab',  CIlBQr  =>  D  V]  Aa’,&alC£Iar  =>  A 

T;  Ab  xi  A^;  Ql£IalCSIar{A  >—»  B)Q,R  =>  D  or 

T;  Ag;  SIlBSIrlCSIrr  =£•  D  TjAa;^  =4>  A 
T;AbxAa‘,^l^a(A^->B)^IriCQ,rr  =>  D 

are  similar. 

Cases  for  -»£,  -or,  — >i,  copy,  place  are  similar. 

T-ALCAR-ASl  =>  B 

- >~>R 

case:  I1;  Ac;-  =*>  C  and  T;AlCAr;U  =4>  A  >— >  5 

Then  by  ind.  hyp.  we  know  T;  Al  m  Ac  m  Ar\  AVI  ==>  5. 

Then  by  >—>#  we  know  17;  Ac  txi  Ac  txi  AR-,  O  =>•  A>—>  B. 

Cases  for  -»r,-°r,->r  are  similar. 

r;  AblC^br',  &lBSIr  =4-  D  TjA^jfi^  =>  A 
case:  r;Ac;-  =>  C  and  I1;  (AblCArr)  cxi  A^;  > — *  B)flR  =>  D 

Then  by  ind.  hyp.  we  know  T;  Ac  xi  (Abl^br)'-,  £IlBQ.r  =>  £> 

Then  by  ^->c  we  know  T;  Ac  txi  (Abl^br)  »o  A^;  SIlQa(A  >-*  B)$lR  ==>■  D. 

Case  when  second  given  derivation  is 

T-,AB',CIlB£Ir  =>■  D  F;AalCAar;0,a  =>  A 

- >— >L 

T;  Ab  m  (AalCAar)',  £Il&a{A  >— »  B)$lR  =>  D  is  similar. 

Cases  for  copy, place  are  similar. 


rLcrR-,A-,An  =►  b 

- ^R 

case:  T;  •  =>  C  and  rcCTfl;A;fl  =>•  A>-*B 
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Then  by  ind.  hyp.  we  know  r^rT#;  A;  AYl  =$■  B. 
Then  by  >— >#  we  know  T £,IT,r;  A;  O  =>•  A>—>  B. 

Cases  for  -»r,-or,-*r  are  similar. 


FlCTr-, Ab;£IlBQr  ==>  D  YrCTr] Aa; Q,a  =>  A 

- *  ¥L 

case:  I1;-;-  =>  C  and  FlCTr-,  Ar  x  Aa',YIlQ,a(A  B)£Ir  =>  D 

Then  by  ind.  hyp.  we  know  r/,IT#;  Ar]  FIlBFIr  =>  D  and  FlIT^;  A^;  FIa  =>  A 
Then  by  >— we  know  r^rr^;  A#  1x1  A^;  FIiFIa(A  >— >  B)Q.r  =>  D. 

Cases  for  copy, place  are  similar. 

□ 


3  Uniform  Derivations 

Now  that  we  have  a  suitable  sequent  system  for  INCLL  we  begin  analyzing  proof  structure  with  an 
eye  towards  achieving  a  logic  programming  language,  where  we  view  computation  as  the  bottom-up 
construction  of  a  derivation.  We  refer  to  the  succedent  of  a  given  sequent  as  the  goal  The  difficulty 
with  the  sequent  system  is  that  in  any  situation,  many  left  or  right  rules  could  be  applied,  leading 
to  unacceptable  non-determinism.  To  solve  this  problem,  we  design  an  alternative,  more  restricted 
system  with  the  following  properties  (which  are  enforced  syntactically ): 

•  Derivations  are  goal-directed  in  that  a  sequent  with  a  non-atomic  goal  always  ends  in  a  right 
rule.  This  allows  us  to  view  logical  connectives  in  goals  as  search  instructions. 

•  Derivations  are  focussed  in  that  when  deriving  a  sequent  with  an  atomic  goal  we  single  out  a 
particular  hypothesis  and  apply  a  sequence  of  left  rules  until  it  is  also  atomic  and  immediately 
implies  the  goal.  This  allows  us  to  view  atomic  goals  as  procedure  calls. 

In  a  minor  departure  from  [MNPS91]  we  call  derivations  which  are  both  goal-directed  and  focussed 
uniform  and  write 

T;  A;  — >  A  goal  A  is  uniformly  derivable,  and 

T;  A;  (fi^;  Qr)  — >  A  ^>>  P  hypothesis  A  immediately  entails  atomic  goal  P, 

where  T,  A  and  Ft  are  unrestricted,  linear,  and  ordered  hypotheses,  respectively.  In  the  latter 
judgment  the  ordered  hypotheses  are  syntactically  divided  into  a  left  part  Ft^  and  a  right  part  FIr. 
It  corresponds  to  the  sequent 

F;  A-,  (FIlAFIr)  =>  P 

so  that  the  split  in  the  ordered  context  tracks  the  location  of  the  hypothesis  we  have  focused  on. 
This  correspondence  is  stated  formally  in  the  soundness  and  completeness  theorems  for  uniform 
derivations  below. 

All  of  the  right  rules  are  exactly  the  same  as  in  the  sequent  calculus.  Since  no  left  rules  apply 
when  the  goal  is  non-atomic,  the  derivation  is  completely  determined  by  the  structure  of  the  goal, 
as  desired. 
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r.4;  A;  0 
r:A:n  — i 


- ~>R  - 

A->B  r;A;fi 


]?;AA;fi  — >  B 


A-oB 


T;A;ACl  — >  B 


r;A;n^  — +  B 


T:A:Cl 


A^B 


r;A;n 


A-nB 


When  the  goal  has  become  atomic,  we  need  to  single  out  a  hypothesis  and  determine  if  it 
immediately  entails  the  goal.  This  is  achieved  by  the  three  choice  rules  which  apply  to  unrestricted, 
linear,  or  ordered  hypotheses. 


A; 


A»P 


TLATR-,  A; 


I1;  AlAr;  — 

T;  AlAAr;  CIl^r 


A»P 


-  choiceA 


-  choicer 


r;  A;  (fir;  CIr)  — >  A  »  P 
T\  A\Q,lASIh  — ^  P 


choiceQ 


choicer  is  justified  by  copy  in  the  sequent  calculus,  and  choiceA  by  place.  The  premise 
and  conclusion  of  choice^  correspond  to  identical  sequents.  An  initial  sequent  corresponds  to  an 
immediate  entailment  between  identical  atomic  formulas. 


r;  •;(•;•) 


P»P 


The  remaining  left  rules  for  immediate  entailment  directly  correspond  to  the  left  sequent  rules, 
keeping  in  mind  that  we  have  to  consider  the  focussing  formula  as  being  between  the  left  and  right 
parts  of  the  ordered  context. 

r;A;(nL;nji)  — ►  b  »  p  r;-;-  — ►  a 

- —>L 

T; A;  (flL; UR)  — >  A->B  »  P 
r;A b',(^l',^r)  — »  B  >>>  P  r;A,4;-  — >•  A 


r;  As;  (,CIl',^r)  — »  B> s 
T;  A  a  ix  Ab;  (fix;  Mr) 


A  -o  B  »  P 


T;  As;  — >  B  »  P  — > 

T;  A^  [xi  Ab;  (flrfiyi;  — ¥  A>—>By>P 

r; Ab; (Ml', Mr)  — ■>  S»P  rjA^JTi  — > 
r;  A,4  xi  Ab;  (fir,;  Qa^r)  — ►  A-»B^i>P 


Note  that  in  the  last  two  rules,  Qa  is  some  initial  or  final  segment  of  the  right  or  left  part  of 
the  ordered  context,  respectively. 

In  the  uniform  system,  we  rewrite  our  sample  parsing  proof  from  the  previous  section  as  follows: 
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init 


T;  ■;  (•;  *)  — >  vp  »  vp 


®bob 


F;  •;  (•;  bob)  — >  iip  -»  vp  »  vp 


e 


loves 


F;  •;(■;■) 


■  init 


T;  •;  (♦;  loves  bob)  - — >  tv  np  -»  vp  >>>  vp 


snt  >>>  snt 


r ;  •;  loves  bob  — >  vp 


choicer 


T;  •;  (•;  loves  bob)  — >  (vp  -»  snt)  snt 


© 


mary 


T;  •;  (•;  mary  loves  bob)  — V  np  -»  vp  -»  snt  »  snt 


T;  *;mary  loves  bob  — >  snt 


choicer 


where  0bob  = 


F;  •;(•;•)  — >  np  »  np 


init 


F;  *;  (•;  •)  — »  bob  »  bob 
T;  •;  bob  — >  bob 


init 


choice^ 


T;  •;  (*;  bob)  — >  bob  np  »  np 


T;  -;bob  — >  np 


-  choicer 


and  ©mary?  ©loves  are  similar. 

Unlike  the  example  given  in  the  previous  section,  this  is  the  only  proof  of  the  end-sequent.  The 
first  choice  is  forced  since  np  -»  vp  snt  is  the  only  formula  in  T  whose  head,  snt,  matches  the 
goal.  The  same  is  true  for  all  the  other  choices  made. 

We  now  show  that  uniform  derivations  are  sound  and  complete  with  respect  to  the  sequent 
calculus.  We  begin  with  a  lemma  which  shows  that  the  sequent  calculus  presented  in  section  2  can 
be  restricted  to  a  goal-directed  system  without  affecting  the  provability  of  any  formula. 

The  soundness  result  is  easy  to  show. 


Theorem  4  (Soundness  of  Uniform  Derivations) 

1.  If  T;  A;  Q  — >  A  then  T;  A;  Vl  ==>  A. 

2, .  J/T;  A](QL]Qr)  — >  A  »  P  then  T;  A]VlLAVlR  =>  P. 

Proof:  By  mutual  structural  induction  on  the  sequent  derivations  of  the  given  judgements.  □ 

The  completeness  results  is  harder,  but  largely  follows  techniques  of  [And92]  and  [MNPS91], 
adapted  to  the  ordered  case. 

We  begin  with  the  following  lemmas. 

Lemma  5  (Goal  Directedness)  The  following  all  hold: 

1.  T;  A;  Vl  =>  A^>  B  implies  T;  A;  VIA  — *  B 

2.  T;  A;  Vl  =>  A  >— >  B  implies  T;  A;  AVI  — »  B 

3.  T;  A;  Vl  =>  A-oB  implies  T;  A  A;  — *  B 
]}.  Tj  A 5  VI  - — r'  A  — y  B  imi  ilies  FA;  A;Q  — >  B 


Proof:  By  induction  on  the  formula  in  the  succedent  in  the  case  of  init;  for  the  other  rules  by 
induction  on  the  sequent  derivation  of  the  given  judgement  making  use  of  the  left  sequent  rules.  □ 
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The  next  lemmas  concern  inversion  principles  for  uniform  derivations.  Lemma  6  states  the 
inversion  principle  for  left  implication  (>— ») —  given  T;  A  a;  CIa  — >  A  and  T;  A;  fir,  BCIr  — >  P  we 
can  conclude  T;  A  xi  A ,4;  CIlCIa{A  >— ►  B)Qr  — »  P.  Lemma  7  states  all  the  inversion  principles  we 
need  for  the  proof  of  completeness. 

Lemma  6  T;  A  a]  Q.\  — >  A  implies  all  of  the  following  hold: 

1.  T;  A;CIlBQr  — >  P  implies  T;  A  x  A^;  QiCIa{A  >— >  B)CIr  — >■  P. 

2.  T\A\{Q.hBUlr-,Q,r)  — >  C  »  P  implies 

T;  A  tx]  A.4;  (Qll&a{A  >— ►  B)Qlr]  CIr)  — >  Cy>P. 

3.  C,P,  T;A-,(CIl;^rlB^rr)  — >  C  »  P  implies 
T;  A  x  A^;  (fir;  CIrlCIa{A  >— >  B)CIrr)  — ■>  C  P . 

Proof:  By  mutual  induction  on  the  structure  of  the  given  derivations.  Assume  T;  A^;  Cl  a  — >  A. 

n 

part  1:  Assume  T;  A^CLrBCIr  — >  C.  Then  there  are  7  possibilities  for  II: 

case  1:  II  ends  with  choice^  and  T;  A;  (fir;  CIr)  — >  B  >£>  P 

Then  by  >— >r  we  know  T;  A  x  A^;  (fir  Ha;  CIr)  — >  A>~*  B  y>  P. 

Then  T;  A  1x1  Aa;  CIl,CIa{A  >— ►  B)CIr  — >  P. 

case  2:  II  ends  with  choicep  and  T;  A;  ( flrx, ;  CIlrBCIr)  — >  C  »  P  where  fir  =  QllCCIlr- 
By  ind.  hyp.  (using  part  3)  we  know  T;  Am  Aa;  (flrr;  CIlrCIa{A y-+B)Q,R)  — >  C  >$>  P. 
Then  T;  A  1x1  Aa;  SIllCCIlr£Ia{A  >— >  B)Qr  — P. 

case  3:  II  ends  with  T;  A;  (CIrBCIrl]  CIrr)  — >  C  »  P  where  f Ir  =  f IrlCCIrr. 

By  ind.  hyp.  (using  part  2)  we  know  T;  AxAa;  (CIrCIa{A^> B)CIrl;  CIrr)  — >  C  P. 
Then  CIlCIa(A  >—>  B)CIrlCCIrr  — >  P. 

cases  4, 5, 6, 7  :  II  ends  with  choice  a  (2  cases)  or  choicer  (2  cases). 

Similar  to  previous  two  cases. 

part  2:  Assume  T;  A;  ( CIllBCIlr ;  Hr)  — >  C  »  P.  Note  that  C  cannot  be  atomic.  Then  there 
are  5  possibilities: 

case  1:  C  =  C\  >— ►  C2  and  A  =  A2  x  Ai  and  CIrr  =  CIrrl^lrr  and 
r;  A2;  (CIllBCIlrU,  flft)  — >  C2  »  P  and  T;  Ai;  CIlrr  — >  C\. 

By  ind.  hyp.  we  know:  T;  Ai  x  Aa;  (CIll^a{A  >— >  B)CIlrl;  Hr)  — *•  C2  »  P. 

Then  T;  A  x  Aa;  (CIll^Ia{A  >—>  B)CIlrl^Ilrr\  JIr)  — *  C\  >— >  C2  P- 

case  2:  C  =  C\  > — >  C2  and  A  =  A2  x  Ai  and  flrr  =  CIrrrCIrrr  and 
T;  A2;  [CIlll]  &r)  — *  C2  »  P  and  T;  Ai;  CIllrBCIlr  — >  C\. 

By  ind.  hyp.  (using  part  1)  we  know  T;  A\  x  Aa;  CIllr^a(A  >— »  B)CIlr  — >  C\. 

Then  T;  A  x  Aa;  (CIlll^llr^a{A  >-*  B)CIlr\  CIr)  — »  C\  >— ►  C2  P- 
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case  3:  C  =  Ci  -»  C2  and  A  =  A2  1x1  Aj  and  YIr  =  YIrlYIrr  and 
V-.A-j:  (CIllBCIlr-^rr)  — *  C2  »  P  and  P;  Ai;  YIrl  — >  C\. 

By  ind.  hyp.  we  know  T;  A2  m  A^;  (Qll^a(A  >— >  B)Qlr',  rr )  — >  C2  y>  P 
Then  T:  A  tx  A^;  {Q.ll^a{A  >— >  B)YIlr',  QrlQrr)  — >  Ci  -»  C2  >S>  P. 

cases  4,5:  C  =  C\  -o  C2,  C  =  C\  ->  £2- 
Similar  to  previous  case. 


part  3:  Assume  YIi^YIrrBYIrr  — >■  C  >?>  P. 

Then  can  be  proven  with  symmetric  reasoning  to  part  2. 


□ 


Lemma  7  (Inversion)  The  following  all  hold: 

1.  Y:  AAIi.BTIr  — >  P  and  T\  A a\YL a  — »  A  imply  T;  A  tx  Ayi;  YIlYIa{A  >->  B)YIr  — >  P. 

2.  Y.A-AIlBQr  — >  P  and  T;Aa;YIa  — >  A  imply  T;  A  m  A^;  YIrYIa{A  -»  B)YIr  — *  P. 

•V.  Y:A:QlBCIr  — >  P  and  T\  A  a',  ■  — »  A  imply  T;  Am  Aa',&l{A  -o  B)YIr  — »  P. 

4.  Y:A:QlBYIr  — >  P  and  T;  •  — >  A  imply  T\  A]YIl{A B)YIr  — >  P. 

5.  T;  AlAr\  YIrAYIr  — >  P  implies  T]AlAAr\Q,lYIr  — »  P. 

6.  AlAAr-,  Yl  — >  P  implies  TlATr\  ArAr\  Yl  — ■>  P. 

Proof:  Part  1  is  immediate  from  the  previous  lemma.  The  other  parts  are  similarly  proved.  □ 
We  may  now  easily  prove  the  completeness  result. 

Theorem  8  (Completeness  of  Uniform  Derivations)  : 

IfT]A;Q  =>•  A  then  T;A;fi  — >  A. 


Proof:  By  induction  on  the  structure  of  the  given  judgement: 

init 


case:  r,-;P 


—  init 

P  then 


r; •;(•;•)  — »  P»P 
T;  •;  P  — ► 


choice^ 


r;A;Af2  =>  B 

- >  > 

case:  T;  A;  ft  =>  A  >— >  5 

By  ind.  hyp.  weknowT;A;AQ  — >  5.  Thenr;A;fl  — »  A  >  5 
Note  we  need  only  consider  this  derivation  of  the  judgement  by  lemma  5. 
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cases: 


R,^°Ri-^R  all  similar  to  previous  case. 


T;  Ab'iQlBQr  =>  P  T]Aa\^a  ==>  A 
- 

case:  T;  A#  cxj  A^;  £Il£Ia(A  >— >  B)ftR  =>  P 

by  ind.  hyp.  we  know  T;  A#;  QlBQr  — >  P  and  T;  A^;  — »  A. 
Then  by  lemma  7,  we  know  T;  A#  x  A^;  >->  P)Ob  — >  P. 


cases:  copy, place  all  similar  to  previous  case. 

□ 

We  have  now  shown  that  INCLL  qualifies  as  an  abstract  logic  programming  language  in  the 
sense  of  [MNPS91].  However,  uniform  derivations  as  given  above  are  not  yet  suitable  for  a  logic 
programming  interpreter,  since  there  is  an  enormous  amount  of  non-determinism  in  the  system 
arising  from  the  need  to  split  the  linear  and  ordered  contexts  in  various  left  rules. 

4  Ordered  Resource  Management 

There  are  several  sources  of  non-determinism  in  uniform  derivations  which  must  be  resolved  in 
order  to  obtain  a  predictable  operational  behavior.  Fortunately,  standard  solutions  suffice  for  most 
of  them.  The  selection  of  hypothesis  implicit  in  the  choice  rules  is  resolved  by  scanning  the  context 
in  a  fixed  order  and  backtracking.  The  selection  of  subgoals  in  the  rules  with  two  premises  proceeds 
from  left  to  right.  When  universal  quantifiers  are  added,  their  instantiation  is  postponed  and  the 
init  rule  performs  unification. 

What  remains  are  issues  of  resource  management.  Unrestricted  hypotheses  are  propagated  to 
all  subgoals  without  difficulty.  Linear  hypotheses  can  be  treated  as  in  the  so-called  10  system  of 
Hodas  and  Miller  [HM94].  The  rules  -ol,  and  propagate  all  linear  hypotheses  to  the  first 
premise  which  returns  the  list  of  unused  hypotheses  when  it  has  been  solved  successfully.  These  are 
then  passed  on  to  the  second  premise.  The  hypotheses  used  in  neither  premise  are  then  returned 
as  unused  in  the  conclusion. 

This  model  of  deterministic  resource  consumption  is  intuitively  attractive  and  easy  to  reason 
about  for  the  programmer.  However,  its  extension  to  the  ordered  context  requires  some  care  in 
order  to  maintain  the  ordering  constraints  on  the  ordered  context  splits  in  the  choice  and  left  rules. 
Our  system  requires  three  different  judgements.  We  shall  motivate  the  development  of  the  three 
types  of  judgements  in  subsection  4.1.  We  then  give  the  complete  resource  management  system  in 
subsection  4.2. 

4.1  Development  of  Ordered  Resource  Management  System 

For  the  main  judgment  of  uniform  derivability,  adding  input  and  output  contexts  is  straightforward. 

T;  A/\Ao;  £li\£lo  — >  A 

During  the  search,  the  input  contexts  T,  A/,  and  f )/  and  the  goal  A  are  given,  while  the  output 
contexts  A o  and  f are  returned.  In  the  interest  of  economy  (both  for  the  presentation  of  the  rules 
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and  the  implementation)  we  do  not  actually  delete  formulas  from  A j  and  f but  replace  them  with 
a  placeholder  □.  For  the  remainder  of  this  paper,  contexts  may  contain  formulas  and  placeholders. 
In  order  to  state  the  invariants  relating  input  and  output  contexts  we  define  the  context  difference 
Hq. 


£IjA  ~  Q>qA  — 
= 

QjA  —  = 

fi/D  —  HqA  = 


fi/  —  flo 
—  f 1q 

(fl/  —  Q,q)A 
undefined 


Qj  —  Vio  is  also  undefined  when  ||fij||  /  \\&o\\  where  ||fi||  denotes  the  length  of  list  fi.  The  resource 
management  judgements  are  constructed  so  that  the  context  difference  Clj  —  flo  and  A /  —  A q  is 
always  defined  in  valid  derivations. 

The  right  rules  for  the  ordered  resource  management  judgment  are  easy  to  construct. 


TA;  Aj\Ao  ;  — >  B 

- 

T  ;  A/\Ao  ;  — >  A->  B 

r  ;  A/\Ao  ;  i4fi/\nfio  — >  B 
— . — • - - -  -  >  > 

r  ;  A/\Ao  ;  fl/\n0  — >  A  >— *  JB 


r  ;  A/^4\AoD  ;  — >  B 

- o# 

T  ;  A/\Ao  ;  — >  A  — o  i? 

r  ;  A/\Ao  ;  f2/i4\flo^  — ^  B 
r  ;  A/\A o  ;  n/\0o  — *  A-»  B 


We  require  the  □  in  the  output  contexts  for  linear  and  ordered  implications  to  make  sure  the 
hypothesis  has  actually  been  used. 

Next  we  come  to  the  choice^  rule,  that  is,  we  chose  to  focus  on  an  ordered  assumption.  This 
determines  the  division  of  the  remaining  ordered  hypotheses  unambiguously.  We  therefore  divide 
the  input  contexts  and  join  the  output  contexts  at  the  chosen  assumption.  The  new  judgment  reads 

T;  A/\Ao;  ;  ^ri\^ro)  — >  Ay>P 

where  flu  and  f lRj  are  the  parts  to  the  left  and  right  of  the  focussed  formula  A,  and  Qlo  and  Q,ro 
are  the  corresponding  output  contexts.  The  choice^  rule  for  this  system  then  looks  as  follows: 

r  ;  A/\Ao  ;  ;  ^ri\^ro)  — >  A  »  P 

- choice^ 

T  ;  A/\Ao  ;  f }liAQiri\QloR£Iro  — >  P 


Replacing  A  from  the  input  context  with  □  in  the  output  context  indicates  that  A  was  consumed. 
We  postpone  dealing  with  the  other  choice  rules. 

The  initi  rule  does  not  consume  any  resources  except  for  the  focus  formula.  Therefore  all  input 
resources  are  passed  on. 

- initx 

r; a\a; ( nL\nL ; nR\nR)  -^p»p 


This  effectively  states  that  the  linear  and  ordered  contexts  of  the  initial  sequent  should  be 
empty.  The  unrestricted  and  linear  left  rules  for  this  judgment,  and  -o n  introduce  no  new 
ideas. 

We  now  focus  on  the  left  rule  for  right  implication,  which  means  we  are  trying  to  derive  a 
judgment  of  the  form 

(AlA? ;  fl*A?)  — *  A -»B»p 
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where  we  have  omitted  the  distracting,  but  trivial  unrestricted  and  linear  hypotheses,  and  the 
output  contexts  denoted  by  ?  have  yet  to  be  computed.  Because  A  -»  B  is  a  right  implication 
situated  between  £lu  and  fJ#/,  the  derivation  of  A  must  consume  some  initial  segment  of  f2 rj. 
Before  that,  we  need  to  see  if  B  immediately  entails  P  (the  left  premise  of  the  rule)1  which  we 
obtain  from 

{Qli\Qlo  ;  ^ri\^)  — »  B  »  P 

Then  we  need  to  take  the  unconsumed  parts  at  the  left  end  of  fi,  denoted  by  Qai  (we  shall  denote 
the  remainder  as  CIro  so  Q  —  Qai^ro),  and  allow  them  as  the  input  context  for  the  solution  to  A . 

fi>Al\&AO  - »  A 

Now  we  can  fill  the  holes  in  the  conclusion  with  Qlo  and  ^ao^rO:  respectively.  In  summary,  the 
rule  reads 

((Ili\^lo  5  &Ri\fy  — >  B  »  P  ^ai\^ao  — >  A 

- -»L1 

;  ^ri\^ao^ro)  — >  A  -»  B  »  P 

where  Q>ai  is  the  longest  prefix  of  not  containing  □,  and  SIro  the  remainder  (so  =  Qai^Ro)' 
The  left  rule  for  left  ordered  implication  is  symmetric. 

A  difficulty  remains,  however,  in  that  when  a  formula  is  directly  chosen  from  the  unrestricted 
or  linear  context,  its  exact  position  in  the  ordered  context  is  undetermined.  As  before,  we  would 
like  the  choice  rule  applications  in  the  derivation  of  the  premise  to  implicitly  determine  where  the 
formula  might  have  been  placed.  This  is  captured  in  the  judgment 

T  ;  A/\A o  ;  ^Ii\(Ql\^m\^r)  — >  A  »  P 

where  Ctj  —  HlQ,m^R  is  defined  and  f Im  does  not  contain  any  □.  Since  no  formula  in  f 1m  is  actually 
consumed  in  the  derivation  of  A  »  p,  the  whole  subcontext  marks  the  place  where  A  occurs  in 
the  ordered  context  in  the  sequent  calculus. 

The  unrestricted  choice  rule 

TlATr  ;  A/\Ao  ;  — »  A^>  P 

- choicer 

TiArfi  ;  A/\Ao  ;  — >  P 

then  just  passes  the  whole  input  context  f!/.  The  choice  a  rule  is  similar. 

We  need  corresponding  initial  and  left  rules  for  this  second  type  of  immediate  entailment.  The 
initial  rule,  init2,  is  easy  to  construct.  Since  it  consumes  no  resources,  it  must  place  all  the  ordered 
resources  in  the  middle  slot  of  the  output  context. 

- init2 

r;A\A;n\(-|n|-)  — >p»p 

Then  we  apply  similar  reasoning  as  above  to  deduce  the  correct  form  of  the  left  rules.  We  need 
to  derive  a  judgement  of  the  form  (again  ignoring  the  unrestricted  and  linear  contexts) 

0/\(?|?|?)  — +  A^B  »P 

Again  we  first  need  to  see  if  B  immediately  entails  P 

fi/\(nLl«Af|fiji)  — *  b  »  p 

Tn  Prolog  terminology:  we  need  to  unify  the  clause  head  with  P  before  solving  any  subgoals. 
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Then  we  need  to  take  the  unconsumed  parts  of  the  output,  CIm,  and  allow  them  as  the  input 
context  for  the  solution  to  A 

- >  A 

Now  we  know  that  A  -»  B  must  be  placed  to  the  left  of  any  resources  consumed  by  the  derivation 
of  A.  This  observation  is  all  we  need  to  complete  the  output  context.  The  complete  rule  reads 

n/\(n*|nAf|n*) — >By>p  ftM\ftMo  — >  a 

- ~»L2 

where  ft  ml  is  the  longest  prefix  of  ft  mo  not  containing  □,  and  £Imr  the  remainder  (so  ft  mo  = 

Again,  the  left  rule  for  left  ordered  implication  is  symmetric. 

To  summarize,  our  context  management  system  is  based  on  three  judgments. 

T ;  Aj\Ao  ;  fti\fto  — >  A 

T  ;  A/\Ao  ;  5  ^ri\^ro)  — >  A  »  P 

T  ;  A/\Ao  ;  — *  A^>  P 

where  contexts  A  and  ft  may  contain  □  as  placeholder  for  a  consumed  formula.  The  first  two 
judgments  mirror  the  behavior  of  the  uniform  sequents  where  the  ordered  context  split  is  always 
known.  The  third  sequent  is  used  when  a  focus  formula  is  chosen  from  the  intuitionistic  or  linear 
contexts  and  the  splitting  of  the  ordered  context  is  to  be  determined  lazily. 

4,2  Ordered  Resource  Management  Judgements 

Here  is  the  complete  resource  management  system: 


TA;  A/\Ao  ;  fti\fto  — >  B 

- — >•/? 

r;  a,\a0;  n/\n0  — >  a->b 


r ;  A/A\a0d;  n/\n0  — >  b 

-  oR 

r;  A/\Ao;  ftj\n0  — >  A-oB 


r  ;  A/\Ao  ;  Aflj\aflo  — >  B 

- >~^R 

r  ;  A/\Aq  ;  fli\flo  — >  A'*-*  B 


r ;  A/\Ao;  f hA\n0n  — >  B 
r ;  Aj\Ao  ;  fti\flo  — >  A-»  B 


T  ;  A/\Ao  ;  (ftLi\flLO  ;  ftm\ftRo)  — >  A  »  P  # 

- choiceQ 

T  ;  A/\Ao  ;  ftLiAflju\Q.LonflRO  — >  P 


- - - initi 

r  ;  A\A  ;  (Ql^l  ;  ^r^r)  — >  P  »  P 


T  ;  A/\Ao  ;  ( ftLi\ftLO  ;  ftm\ftRo)  — >  B  »  P  T  ;  *\* ;  -\*  — >  A 

- —  ~>L1 

r ;  A/\Ao  ;  ( flLi\ftLO  ;  ftRi\ftRo)  — >  A  B  »  P 


T  ;  A/\Am  ;  (fi^A^o  ;  — >  B  »  P  T  ;  Am\Ao  ;  *\*  — *  ^ 

- — - °L1 

r  ;  A/\Ao  ;  (^Li\ftLO  ;  — >  i-o5»P 
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F  :  A/\A.w  :  (^li\^lo  ;  ^ri\^ai^ro)  — >  B  »  P  T;  Am\Ao  ;  ftyiA^Ao  — >  -A 
T  ;  A/\Ao  ;  (OlA^o  ;  ftnA^Aoftno)  — >  -4.  -»  P  »  P 

when*  1?  \i  contains  no  occurrence  of  □  and  Qro  =  *  or  Qro  =  &Qroi  (be.  if  ft  =  ftyufti?o  then  f \ai  is  the 
left  most  portion  of  ft  not  containing  □.) 

I  :  A/\Aa/  :  (^li\^lo^ai  ;  ^ri\^ro)  — >  B  »  P  T ;  AM\Ao  ;  ft^A^AO  — *  A 
r  ;  A/\Ao  ;  (ft^A^oftAo  ;  ftn  A^ho)  — >  A  >-*  B  »  P 

where  \/  contains  no  occurrence  of  □  and  Qro  =  •  or  ft^o  =  (be.  if  S7  =  ftLoft,4/  then  ft  ,4/  is  the 

rightmost  portion  of  ft  not  containing  □.) 

TlATr  ;  A/\Ao  ;  ^i\(^l\^m\^r)  — >  A  »  P 

- choicer 

r^Ar#  ;  A/\Ao  ;  ftA^£^Mfti?  — >  P 


T  :  AljAri\AloAro  ;  — >  A  »  P 

T  :  AL/^4A^/\AJroaAjRo  ;  — »  P 


choiceA  (HAl/II  =  ||ALO||) 


r;  A\A;  n\(.|n|.) 


p»p 


init2 


r ;  A/\a0  ;  nj\(ftL|fW |n*)  — >  p  »  p  r ;  *\* ;  A-  — ►  a 

- -A  L2 

r ;  A/\Ao ;  n/\(nL|nAf|njl)  — >•  a  -a  b  »  p 


r  ;  A/\Ajvr ;  flA(^A^M|ftn)  — »  B  »  P  r  ;  Am\Ao  ;  -V  — >  "4 

- 0L2 

r ;  A/\a o ;  n/\(nL|nJtf|n*)  — >■  a  — o  p  »  p 

r  ;  A/\Am  ;  fiA(^il^Af  |n*)  — »  B  »  P  r  ;  Aat\Ao  ;  — >  A 

- —*£2 

T  ;  A/\A0  ;  ft/\(ftA^ML|ftMi?fttf)  — *  A  -»  B  »  P 

where  contains  no  occurrence  of  □  and  ft^n  =  *  or  Hmk  =  (be.  if  ft  =  Qml^mr  then  FIml 

is  the  leftmost  portion  of  ft  not  containing  □.) 

T  ;  Aj\Am  ;  ft/\(fti/  |ftiw |ft/?)  — >  P  »  P  r ;  Am\Ao  ;  ftM\ftMLftMR  — >  A 
- > — 

r ;  A/\A  o  ;  ft/\(fti/ftML  |ftMR  |ftii)  — >  A  >— >  P  »  P 

where  ftjvfi?  contains  no  occurrence  of  □  and  Qml  =  *  or  Qml  =  ftMLia  (he.  if  ft  =  ^ml^mr  then  ft  Mi? 
is  the  rightmost  portion  of  ft  not  containing  □.) 

Appendix  A  contains  the  example  parsing  derivation  written  out  using  the  resource  managment 
system. 

We  prove  the  correctness  of  the  resource  management  system  with  respect  to  the  uniform  system 
by  separately  proving  a  completeness  and  a  soundness  result. 
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Lemma  9  (Resource  Invariants)  If  Hi\Ho  or  occurs  in  a  valid  derivation 

then: 

1.  0/  —  Oo  and  Hi  —  HlHmHr  are  defined. 

2.  Hm  does  not  contain  □. 

3.  Hl  is  ■  or  ends  with  □. 

4-  Hr  is  ■  or  begins  with  □. 

Theorem  10  (Soundness  of  Ordered  Resource  Management) 

1.  If  T;  A/\Ao;  Hi\Ho  — >  A  then  T;  A/  —  Ao;  Hi  —  Ho  — *  A, 

2.  ifT;Aj\Ao;(^Li\^LO',  Hri\Hro)  — *  B  »  P 

then  T;  A/  —  A  o;  (H li  —  Hlo  I  Hri  ~  Hro)  — *  B  »  P,  and 

3.  ifT\  Ai\Ao',Hi\(Hl\Hm\Hr)  — *  A  »  P 

then  T;  A/  —  Ao;  (0/l  —  Hl;  Hir  -  Hr)  — >  A  >5>  P, 

where  Hi, Hli, Hri  do  not  contain  □  and  Hi  =  HilHmHir  and  ||fijz,||  =  ||0l||  and  ||f2/#||  = 

Proof:  By  mutual  induction  on  the  structure  of  the  given  derivations.  Appeals  to  lemma  9  and 
elementary  properties  of  context  difference  (— )  are  left  implicit. 

- init  - init 

case:  T;  A/\A/;  (Hl\Hl  ;  Hr\Hr)  — >  P  T$>  P  then  T;  -;  (* ;  •)  — >  P  >$>  P 

- init  - init 

case:  T;  A/\A/;  fI/\(-|JI/|-)  — >  P  »  P  then  T;  (* ;  •)  — >  P  P 

r;  Aj\Amw,  (Hli\HLoHai  ;  Hrj\Hro)  — »  R»P  T;Am\Ao;Hai\Hao  — >  A 

- >~*L1 

case:  T;  A/\Ao;  (Hli\HloHao  ;  Hri\Hro)  — >  A  >— >B  »  P 

By  assumption,  Hai  does  not  contain  □. 

We  know  by  ind.  hyp.: 

1.  T;  A;  —  Am ;  (Hli  -  HloHai  ;  Hri  -  Hro)  — >  B  :»  P 

2.  T-,  Am  —  Ao',Hai  —  Hao  — >  A 

Then  F;  A/  —  Ao;  (( Hu  —  HloHai)(Hai  —  Hao ) ;  Hri  —  Hro)  — >  A^->  B  y>  P . 

We  will  now  show  Hli  —  HloHao  =  (Hli  —  HloHai)(Hai  ~  Hao )• 

We  know  from  the  hypothesis  that  Hri  =  HlilHai- 

Then  Hu  —  HloHao  =  HlilHai  —  HloHao  =  (Hlil  —  Hlo)(Hai  —  Hao)- 

Then  (Hlil— Hlo)(Hai~ Hao)  —  (HlilHai—  HloHai)(Hai— Hao)  —  (Hli—HloHai)(Hai— 

Hao). 

Then  T;  A/  —  Ao;  (Hli  —  HloHao  ;  Hri  —  Hro)  — >  A  >—>  B  >»>  P 


cases:  »li 

Similar  to  previous  case. 
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case: 


r;  A/\Am;  — >  b  »  P  r;  Am\Ao;  ^m\^ml^mr  — >  A 

— .  . — - > — >£2 

T; Ai\Ao;0,]\(Ql^ml\^mr\^r)  — »  A>— >5»F 

By  assumption,  VImi^mr  do  not  contain  □. 

Let  =  &m  (then  H^MmlII  =  W^mlW)- 

We  know  by  ind.  hyp.: 

1.  T;  A /  -  Am;  (fl/z,  -  fit,;  fl/tt  -  flit)  — ■>  B  »  P 

2.  T;  Am  -  Ao;  Om  -  CIml^mr  — >  -4 

where  fl/ifl/wf!/#  =  fl/  and  ||fl/z,||  =  ||flt,||- 

Then  T;  A/  —  Ao;  ((fl/L  —  flz,)(flM  —  ^ml^mr);  fl/it  —  flit)  — >  A  >— >  B  »  P. 

And  £Im  —  £Iml&mr  =  ^mml^mr  —  ^ml^mr  =  ~  ^ ml • 

Then  T;  A/  —  Ao;  ~  fl ir  -  flit)  — >  A>-+  B  y>  P. 

And  fl/  =  ^il^mml^mr^ir- 

cases:  -»l2>-°L25— >X2 

Similar  to  previous  case. 

T;  A/\Ao;  Afl/\oflo  — *  B 

- w R 

case:  T;  A/\Ao;  fli\flo  — ^  A> — >B 

We  know  by  ind.  hyp.  that  T;  A/  —  Ao;  Aflj  —  Dflo  — »  B. 

Then  T;  A/  —  Ao;  A(fl/  —  flo)  — B. 

Then  T;  A/  —  Ao;  fl/  —  flo  — >  A  >— >  B. 


cases:  - »r,-°r,-*r 

Similar  reasoning  as  previous  case. 


T; A/\Ao; (Oi/\fli,o  ;  fl«/\fl«o)  — >  A»P  < 

- choice^ 

case:  T;  A/\Ao;flLM4flitAf^LOaflito  — >  P 

We  know  by  ind.  hyp.  T;  A/  -  Ao;  (flLi  -  flLO!  flit/  -  flito)  — »  A  »  P 
Then  T;  A/  —  Ao;  (fit,/  —  flLoM(fliti  —  flito)  — >  P- 
Then  T;  A/  —  Ao;  fl/jAfl///  —  fl/,onflito  — >  P- 


T;  A/,/Aij/\AioAijo;  fl/\(fli|flM|fli?)  — ►  A»P 

- choiceA 

case:  T;  A/,/AA///\A/,oElA//o;  fl/\flLflMflit  — >  P 

Let  ^Iil^m^ir  =  fl/  where  ||fl/x,||  =  ||fli||. 

We  know  by  ind.  hyp.  T;  AuAri  —  A lo&ro;  (fl/L  —  SIl;  fl ir  —  fl/t)  — ►  A  »  P 

Then  T;  Ai/AAfl/ —  Alo^A^o;  (fl/L  ~  flL)(fl/fl  —  flfi)  — >  B. 
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Then  T;  ArjAArj  —  A lo^Arq]  ~ 


P. 


r lAtr ;  A/\a  o;  n/\(nL|nA#|n*) 


a»p 


case:  r^AT#;  A/\A  o; 

Similar  to  previous  case. 


choicer 


□ 


Theorem  11  (Completeness  of  Ordered  Resource  Management) 

1.  For  all  A/,  Ao,  fi/,  such  that  A j  —  A o  =  A  and  —  f2o  —  we  have  that 
T;A;f}  — >  A  implies  T;  A/\Ao;  f2j\fio  — >  A. 

i?.  Por  a//  A/,  Ao,  ^xj>  that  A  j  —  A  q  =  A,  Qli  ~  f^X/O  —  and  Qrj  — 

Qro  —  Qr  voe  have  that 

T;  A;  (f|r;  f}#)  — >  A  >>>  P  implies  T;  A/\Ao;  ^r/\^7?o)  — >  A»P 

where  do  not  contain  □. 

5.  Tor  all  Aj^  Aq^Qrj^Qrq^Qrj  ^Qro^m  such  that  A/  —  Ao  —  A,  —  ^lo  ~  L!l  <xnd 
—  Qro  =  Qr  we  have  that 

T;A;(f2r;^n)  — >  A  »  P  implies  T;  A/\Ao;  ^zj^M^7£/\(^z,o|^m|^#o)  — >  A  >>>  P 
where  ^i^m^u^ri  do  not  contain  □,  fi^o  ends  in  □  or  is  and  f Iro  begins  with  □  or 

is  •. 


Proof:  By  mutual  induction  on  the  structure  of  the  given  derivations.  Appeals  to  lemma  9  and 
elementary  properties  of  context  difference  (— )  are  left  implicit. 

T;A ,Att  — >  B 

-  >—>R 

case:  T;  A;  f 2  — ►  A  >— ►  B 

Let  A  j  —  Ao  =  A  and  Clj  —  f2o  —  ^  where  ftj  does  not  contain  □. 

Then,  by  ind.  hyp.,  T;  A/\Ao;  Af2/\Dfio  — >  B 

Then  T;  A/\Ao ,  ^  A  > — >  B. 


cases:  ^r,-°r,-+r 

Similar  to  previous  case. 


r;A;(ftL;  fifl)  — ►  A»P  . 

- choice^ 

case:  T;A;^Af2^  — *  P 

Let  A/  —  Ao  =  A  and  flj  —  Slo  =  SIlASIr  where  f lj  does  not  contain  n. 

Then  flj  =  QjrAQjr  and  Q,q  =  Qol^^or  where  fi/r  —  £Iol  —  &L  &nd  £Ijr  —  Qor  —  fij?* 
We  know  by  ind.  hyp.  T;  A/\Ao;  (^il\^ol^ir\^or)  — >  A  »  P. 
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Then  T;  A/\Ao;  QilAQir\£Iol^Qor  — >  P- 
Then  T;  A/\Ao;  fl/\flo  — t  P- 


T;  AiAh;  (flz,  ;  fl/j)  — >  A^>  P  # 

- choiceA 

case:  T;  ArAAr',  flrfl.R  — >  P 

Let  A/  —  Ao  =  ArAA#  and  fl/  —  flo  =  £IrQr  where  0/  does  not  contain  □. 

Then  A/  =  AirAAir  and  Ao  =  Aor^Ao//  where  An  —  A ol  =  Ar  and  Air  —  Ao#  =  A r. 
Then  f2 /  =  fl/rf^M^/i?  and  flo  =  ^ol^m^or  where  fl/r  —  f^oi  —  &L  and  fl///  — flo#  =  ^ R ■ 
We  know  by  ind.  hyp.  T;  AilAir\AorAor; — »  A  »  P. 

Then  T;  A/rAAir\AorOAor;  CIi\Qol^m^or  — »  P- 
Then  I1;  A/\A0;  fl/\flo  — >  P. 


case:  choicer  is  similar  to  previous. 


T;  A^;  (fir  ;  fl r)  — >  B  P  T;  A^;  flyi  — >  A 

- >  »r 

case:  T;  Ab  m  A^;  (flrfl.4  >  fl#)  — t  A>—>B  »  P 

Let  A/  —  A o  =  Ar  x  A^. 

Let  A m  be  a  list  of  size  ||A/||  where  (if  (Am)?  €  A#  then  (Am)?  =  □  else  (Am)?  =  (A/)j) 
and  the  number  of  □  in  Am  is  ||  Ab  ||  - 
Then  A /  —  Am  —  Ar  and  Am  —  Ao  =  Aa- 

Let  fir/  —  f2ro  =  flrflyl  and  fl#/  —  fl#o  =  fl#  where  fir/,  fl///  do  not  contain  □. 

Let  £Irir£Iria  =  fl#/  and  ^Irol^loa  —  &lo  where  flr/z,  —  f Ilol  =  fl#  and  flrM  —  loa  — 
f 1a  and  flroi  =  flLOZ,in  (if  flz,  i £  •  else  flroL  =  •)• 

We  know  by  ind.  hyp.: 

1.  T;  A/\Am,  (^liX^lol^lia'i  fl#/\fl#o)  — >  B  »  P. 

2.  T;  Am\Ao',£Ilia\Qloa  — >  -A 

Then  T;  A/\Ao;  (f ^li\^lol^loa]  &ri\Qro)  — >  A>-^  B  y>  P. 

Let  A/,  Ao,  Am  be  defined  as  above. 

Let  fl*  also  be  defined  as  above  except  that  flro  ends  in  □  or  is  •,  and  f l#o  begins  with  □  or 
is  •.  * 

Let  CIm  be  a  list  not  containing  □. 

Then  we  know  by  ind.  hyp.: 

1-  h'-,Ai\AM',^LIL^LIA^M^Rl\(^LOL\^LIA^M\^Ro)  - *  B  »  P. 

2.  T-,Am\Ao;^Ilia^m\^loa^m  — >  A 

Then  T;  A/\Ao;  ^lil^lia^m^ri\(^lol^loa\^m\^ro)  — *  A^  B  P. 

Then  T\ Ai\Ao',QliQm&ri\(Qlo\Qm\Qro)  — >  A^>By>P. 
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cases: 

Similar  to  previous  case. 


- init 

case:  T;  •;  (• ;  •)  — »  P  »  P 


Then  T;  •;  I  ^r\^r) 


P»P 


■  initi 


and  T;  •; 


P»P 


init2 


□ 


5  Sample  Programs 

Using  the  strategy  described  at  the  beginning  of  the  preceding  section,  together  with  the  system 
of  ordered  resource  management  described  above,  we  have  arrived  at  a  logic  programming  lan¬ 
guage.  It  remains  to  clarify  the  order  in  which  the  clauses  in  a  context  are  considered  when  the 
goal  has  become  atomic.  We  employ  here  the  same  strategy  as  the  Lolli  language  [HM94]  and 
linear  LF  [CP98]  by  dividing  the  hypotheses  into  a  static  program  and  dynamic  assumptions  made 
during  search.  We  first  scan  all  dynamic  assumptions  from  right  to  left,  where  — >r:  — o# ,  ~^r  add 
assumptions  on  the  right,  and  adds  assumptions  on  the  left.  Then  we  attempt  each  formula  in 
the  static  program  from  first  to  last.  Note  that  we  have  to  be  aware  of  the  status  of  each  hypothesis 
(unrestricted,  linear,  or  ordered)  as  we  consider  it  so  we  can  apply  the  correct  choice  rule. 

In  the  examples  below  we  assume  implicit  universal  quantification  over  free  variables  just  as  in 
Prolog.  We  also  write  B  A  for  A  -»  B  and  B  ^  A  for  A  >— >  B  in  the  manner  of  Prolog.  We  use 
italics  for  met  a- variables  which  stand  for  ground  terms  and  typewriter  font  for  program  code, 
including  logic  variables. 

5.1  Lists 

We  begin  by  considering  various  programs  concerned  with  lists.  :  :  is  the  list  constructor  and  nil 
is  the  empty  list. 

The  following  program,  which  does  not  make  use  of  the  ordered  fragment  of  the  logic,  can  be 
used  to  permute  a  list. 

perm  (X : : L)  K 

o-  (elem  X  -o  perm  L  K). 

perm  nil  (X::K) 
o—  elem  X 
o-  perm  nil  K. 

perm  nil  nil. 

The  program  works  on  a  query  perm  /  K  by  first  assuming  elem#  for  every  element  x  of  l.  This 
is  achieved  by  the  first  clause.  Then  the  assumptions  are  consumed  one  by  one  through  uses  of  the 
second  clause  and  added  to  the  output  list.  The  tail  of  the  output  list  is  instantiated  to  nil  when 
there  are  no  further  linear  assumptions,  and  the  last  clause  can  therefore  succeed.  Because  the 
linear  context  is  unordered,  every  possible  order  of  linear  resource  consumption  constitutes  a  valid 
proof  where  the  result  variable,  K,  becomes  instantiated  to  a  different  permutation  of  the  input  list 
l 
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Since  linear  assumptions  are  unordered,  the  program  will  enumerate  all  possible  permutations 
of  a  list.  If  we  replace  the  linear  implications  by  right  order  implication,  only  one  order  remains 
possible:  the  one  that  reverses  the  list. 

rev  (X : :L)  K 

(elem  X  -»  rev  L  K). 

rev  nil  (X: :K) 
elem  X 
rev  nil  K. 

rev  nil  nil. 

Now  the  first  appeal  to  the  second  clause  can  pick  up  and  consume  only  the  most  recently  made 
assumption,  which  is  the  last  element  of  the  input  list  1.  Since  this  is  added  to  the  front  of  K,  this 
operation  reverses  the  list. 

In  contrast,  the  following  program  represents  the  identity  relation,  since  the  elements  are  added 
to  the  left  end  of  the  ordered  assumptions. 

id  (X: :L)  K 

«-  (elem  X  >— »  id  L  K). 

id  nil  (X: :K) 

«”  elem  X 
«-  id  nil  K. 

id  nil  nil. 


5.2  Sorting 

Our  next  example  is  a  direct  coding  of  merge  sort,  where  mergeSort  k  L  expects  an  input  list  k 
and  computes  an  output  list  L  by  mergesort.  The  computation  proceeds  in  two  phases.  In  the  first 
phase,  assuming  an  input  list  x\  ::•••:  :xn :  :nil  we  want  to  reduce  solving 

•  — >  mergeSort  (x\  :xn :  :nil)  L 


to  solving 

srt(#i  :  :  nil), . . . ,  srt(xn  :  :  nil)  — >  msort  L 

where  we  have  separated  ordered  hypotheses  by  commas  and  omitted  the  unrestricted  context 
(which  contains  only  the  static  program  and  does  not  change)  and  the  linear  context  (which  is 
always  empty).  We  achieve  this  with  the  two  clauses 

mergeSort  (H::T)  L 

«- (srt  (H:  : nil)  — »  mergeSort  T  L). 

mergeSort  nil  L  «-  msort  L. 

In  the  second  phase  we  assume  a  general  situation  of  the  form 

srt  Zn, . . . ,  srt  I2 ,  srt  l\  — >  msort  L 
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when'  the  I,  are  already  sorted  and  L  is  still  to  be  computed.  Starting  from  the  right,  we  merge  l\ 
and  lj  and  add  the  result  to  the  left  end  of  the  ordered  context,  in  effect  using  it  as  a  work  queue. 
The  resulting  situation  will  be 


srt  Z12, . . . ,  srt  Z4,  srt  Z3  — >  msort  L 

which  is  tin'll  treated  the  same  way,  merging  Z3  and  I4.  We  finish  when  there  is  only  one  element 
srt  /,■  in  the  ordered  context  and  unify  L  with  k.  This  is  expressed  by  the  following  two  clauses. 

msort  L 

srt  LI 
«-  srt  L2 

merge  LI  L2  L12 
<— <  (srt  L12  msort  L). 

msort  L  «-  srt  L. 

We  elide  the  standard  Prolog-like  merge  predicate  which,  given  two  sorted  lists  l\  and  I2  returns  a 
sorted  merge  / If  does  not  use  the  ordered  context,  which  is  enforced  by  using  an  unrestricted 
implication  4-. 

Since  all  ordered  assumptions  must  be  used,  the  final  clause  above  can  succeed  only  if  the 
complete  list  has  indeed  been  sorted.  The  merge  sort  program  is  therefore  completely  deterministic 
when  called  as  indicated:  LI  and  L2  must  be  taken  from  the  right,  and  L12  must  be  added  to  the 
left. 

If  we  change  the  first  msort  clause  to  assume  L12  on  the  right,  by  writing  (srt  L12-»  msort  L) 
instead  of  (srt  L12  >— ►  msort  L)  then  we  obtain  an  insertion  sort  because  after  one  step  we  arrive 
at 

srt  Zn, . . . ,  srt  Z3,  srt  Z12 
which  will  next  merge  Is  into  Z12,  etc. 

5,3  Mini-ML  Abstract  Machine 

Our  next  example  shows  how  a  continuation  based  abstract  machine  for  evaluating  Mini-Mi  can  be 
directly  encoded  in  INCLL.  The  basic  idea  is  to  use  the  ordered  context  as  a  stack  of  continuations 
to  be  evaluated.  We  assume  a  standard  version  of  Mini-Mi  constructed  using  higher-order  abstract 
syntax  [Pfe92].  Values  are  distinguished  from  terms  by  an  asterisk;  so  z  is  a  term  while  z*  is  a  value. 
We  have  the  following  signature  for  our  abstract  machine  (where  o  is  the  type  of  propositions): 
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z  :  exp . 

s  :  exp  ->  exp. 

case  :  exp  ->  exp  ->  (val  ->  exp)  ->  exp. 

lam  :  (val  ->  exp)  ->  exp. 

app  :  exp  ->  exp  ->  exp. 

vl  :  exp  ->  val . 

z*  :  val . 

s*  :  val  ->  val. 

lam*  :  (val  ->  exp)  ->  val. 

eval  :  exp  ->  val  ->  o. 

ev  :  exp  ->  o. 

return  :  val  ->  o. 

easel  :  val  ->  exp  ->  (  val  ->  exp)  ->  o. 

appml  :  val  ->  exp  ->  o. 

appm2  :  val  ->  val  ->  o. 

Given  the  goal:  return  V -»  eve,  our  program  will  evaluate  the  expression  e  and  instantiate  V  with 
the  resulting  value.  The  intended  reading  of  this  query  is:  evaluate  e  with  the  identity  continuation 
(the  continuation  which  just  returns  its  value).  A  goal  of  ev  e  is  intended  to  mean:  evaluate  e. 
A  goal  of  return  V  is  intended  to  mean:  pass  V  to  the  top  continuation  on  the  stack  (i.e.  the 
rightmost  element  in  the  ordered  context). 

The  following  program  clauses  specify  the  abstract  machine: 


eval  E  V<^-  (return  V  -»  ev  E) 

(*  Natural  Numbers  *) 


ev  z  return  z*. 
ev  (s  E) 

«-  ((VV.  return  V  <— <  return  (s*  V))  -»  ev  E). 
ev  (case  El  E2  E3) 

«-  ((VV.  return  V  <— <  easel  V  E2  E3)  -»  ev  El), 
easel  z*  E2  E3  «-  ev  E2. 
easel  (s*  V)  E2  E3  <4- ev  (E3  V). 


(*  Functions  *) 


ev  (lam  E)  return  (lam*  E). 
ev  (app  El  E2) 

<*- ((VV1.  return  VI  <— c  appl  VI  E2)  -»  ev  El), 
appl  VI  E2 

(VV2.  return  V2  4-^  app2  VI  V2)  -»  ev  E2). 
app2  (lam*  El5)  V2  ^  ev  (El5  V2). 


(*  Values  *) 


ev  (vl  V)  «-  return  V. 
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The  intended  reading  of  the  ev  (s  E)  clause  (the  second  program  clause)  is  this:  to  evaluate 
(s  E)  evaluate  E  under  the  continuation  which  takes  its  value,  V,  and  passes  the  value  s*  V  to  the 
next  continuation  on  the  stack.  Note  the  use  of  nested  inside  This  forces  the  continuations 
put  into  the  ordered  context  to  be  evaluated  in  stack  fashion.  When  the  goal  is  return  V  the  only 
choice  of  formula  to  focus  on  will  be  the  rightmost  formula  in  the  ordered  context. 

To  better  illustrate  this  point,  consider  the  evaluation  of  (s  (s  z)).  The  initial  goal  will  be 
return  V  ev  (s  (s  z))  after  which  return  V  will  be  immediately  added  to  the  previously 
empty  ordered  context.  Next  the  ev  (s  E)  clause  will  be  chosen  to  focus  on  and  will  result 
in  W.  return  V  <— <  return  (s*  V)  being  added  to  the  right  end  (because  of  -»)  of  the  ordered 
context.  The  new  goal  will  be  ev  (s  z)  and  the  previous  step  will  be  repeated.  At  this  point, 
the  goal  will  be  ev  z  which  will  cause  the  appropriate  progam  clause  (the  first  in  the  preceding 
program  listing)  to  be  focused  on  and  a  new  goal  of  return  z*. 

The  ordered  context  now  consists  of: 

(return  V)  (W.  return  V  <— <  return  (s*  V))  (VV.  return  V  <— <  return  (s*  V)). 

Since  there  is  no  program  clause  whose  head  matches  the  goal,  one  of  the  clauses  in  the  ordered 
context  must  be  focused  on.  Although  all  the  ordered  clauses  match  the  goal,  only  the  rightmost 
one  can  be  successfully  chosen.  The  leftmost  clause  obviously  cannot  work  since  it  is  atomic  and 
the  other  clauses  are  also  in  the  ordered  context.  The  middle  clause  also  does  not  work  because 
the  >— ►  requires  that  the  body  of  the  clause  be  solved  with  resources  to  the  left  of  the  clause  which 
would  prevent  the  rightmost  clause  from  being  consumed. 

5.4  Natural  Langauge  Parsing 

The  following  example  is  a  fragment  of  a  parser.  This  example  shows  how  INCLL  can  be  used  to 
directly  parse  grammatical  constructions  with  unbounded  dependencies  such  as  relative  clauses. 

1  :  snt  vp  «-  np. 

2  :  vp  «-  np  «-  tv. 

3  :  rel  <— <  whom  «-  (np  — o  snt). 

4  :  np  jill. 

5  :  tv  «-  married. 

We  may  intuitively  read  the  formulas  in  the  following  manner:  snt  «-  vp  <*-  np  states  that  a 
sentence  is  a  verb  phrase  to  the  right  of  a  noun  phrase.  We  can  use  these  formulas  to  parse  a 
phrase  by  putting  each  word  of  the  sentence  into  the  ordered  context  and  trying  to  derive  the 
atomic  formula  corresponding  to  the  phrase  type. 

We  may  interpret  clause  3  as:  a  relative  clause  is  whom  to  the  left  of  a  sentence  missing  a  noun 
phrase.  As  explained  in  [Hod94]  this  is  a  standard  interpretation  of  relative  clauses.  By  putting  a 
np  into  the  linear  context,  the  sentence  after  whom  will  only  be  successfully  parsed  if  it  is  indeed 
missing  a  noun  phrase.  Note  that  by  using  the  linear  context,  the  location  of  the  missing  np  is 
unconstrained. 

We  now  show  a  trace  of  the  above  formulas  parsing  a  relative  clause,  showing  at  each  step  the 
resource  sequent  (including  the  current  goal),  the  pending  goals,  and  the  the  rule  applied.  The 
unrestricted  context  containing  the  above  program  is  left  implicit.  Note  that  due  to  the  ordering 
constraints  each  step  is  essentially  deterministic. 
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Action 


Goals  pending 


Active  hypotheses  and  goal 


reduce  by  3 

solved,  restore  pending  goal 
assume 
reduce  by  1 
reduce  by  2 

solved,  restore  pending  goal 
reduce  by  5 

solved,  restore  pending  goal 
reduce  by  4 
solved 

Using  the  linear  context  in  manner  described  above  has  some  limitations  which  should  be  pointed 
out.  The  correct  parsing  of  dependent  clauses  typically  constrains  where  the  relative  pronoun  may 
fill  in  for  a  missing  noun  phrase.  Most  relative  clauses,  rather  than  being  sentences  missing  noun 
phrases  are  really  sentences  whose  verb  phrase  is  missing  a  noun  phrase. 

If  we  changed  the  relative  clause  to  be  whom  married  jill  we  would  not  have  a  grammatically 
correct  relative  noun.  However  the  parser  given  above  will  be  able  to  parse  the  modified  phrase 
since  the  location  of  the  missing  noun  phrase  is  not  constrained.  There  are  a  variety  of  simple 
ways  to  fix  this  problem  for  the  small  parser  given  above.  For  instance,  we  could  define  a  new  type 
of  sentence  in  which  the  verb  phrase  is  missing  a  noun  phrase.  This  basically  amounts  to  using 
gap-locator  rules  as  described  in  [Par89]  [Hod94]. 

The  parsers  given  in  [Hod94],  which  logically  handle  some  constraints  on  the  placement  of 
dependencies,  are  constructed  quite  differently  from  the  INCLL  parser  we  have  presented.  Rather 
than  placing  the  input  to  be  parsed  into  the  context,  they  pass  it  around  as  a  list.  They  do  however 
use  the  linear  context  to  store  fillers —  empty  noun  phrase  predicates  which  can  be  used  when  an 
actual  noun  phrase  is  missing  in  the  sentence —  in  the  same  manner  as  the  above  parser  does.  We 
point  out  that  all  of  the  (pure)  Lolli  parsers  are  also  valid  INCLL  programs  since  pure-Lolli  is  a 
subset  of  INCLL. 

In  fact  with  this  threaded  style  of  parser,  INCLL  is  able  to  correctly  handle  at  least  one  natural 
language  phenomenom  which  could  not  be  done  in  pure  Lolli.  When  a  relative  clause  occurs  inside 
a  relative  clause,  correct  parses  of  the  sentence  should  associate  the  inner  relative  pronoun  with  the 
first  missing  noun  phrase  in  the  clause  and  the  second  with  the  second.  In  other  words,  dependencies 
should  not  cross  inside  a  nested  relative  clause.  Consider  the  phrase:  the  book  that  the  man 
whom  Jane  likes  GAP  wrote  GAP  where  GAP  denotes  a  missing  noun  phrase.  The  first 
GAP  should  correspond  to  the  man  and  not  to  the  book. 

Since  the  Lolli  parser  (as  well  as  the  INCLL  parser  given  above)  introduces  fillers  into  the  linear 
context,  there  is  no  way  to  force  the  parser  to  use  one  or  the  other  of  two  suitable  fillers.  Thus  the 
Lolli  parser  would  parse  the  preceding  sentence  in  two  ways,  only  one  of  which  would  be  correct. 
Hodas’  solution  was  to  rely  on  a  non-logical  control  construct  and  the  operational  semantics  of 
Lolli  to  prevent  the  bad  parse.  One  can  easily  see  (as  Hodas  remarked)  that  such  a  situation  can 
be  directly  handled  in  INCLL  by  putting  the  fillers  into  the  ordered  context. 


;  whom  jill  married 
■ ;  whom  jill  married 


*  ;  jill  married  — 
np  ;  jill  married 
np  ;  jill  married 
np  ;  jill  married 
• ;  jill  married  — 
• ;  jill  married  — 
• ;  jill  — ►  np 
•;  jill  — >  jill 


■  rel 
•  whom 
np  — o  snt 
4  snt 
vp 
np 
tv 

married 


none 

np  — o  snt 
none 
none 
np 

tv  ,  np 

np 

np 

none 

none 
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6  Conclusion 


The  succession  of  systems  developed  in  this  paper  form  a  promising  basis  for  incorporating  order  into 
linear  logic  programming  in  a  logical  and  efficient  manner.  In  [PP98]  we  give  the  full  complement  of 
connectives  for  INCLL.  Of  those,  only  universal  quantification,  &,  and  T  preserve  the  completeness 
of  uniform  derivations  (which  is  easy  to  show).  At  present  we  have  not  checked  every  detail,  but 
we  strongly  conjecture  that  the  resource  management  system  developed  for  Lolli  in  [CHP98]  can 
also  be  straightforwardly  combined  with  the  scheme  for  managing  ordered  resources  detailed  in  this 
paper,  leading  to  a  conservative  extension  of  Lolli.  That  is,  every  legal  Lolli  program  would  remain 
legal  and  have  the  same  operational  behavior. 

There  are  many  examples  where  order  can  be  exploited,  such  as  algorithms  which  employ  various 
forms  of  stacks  or  queues.  Natural  language  parsing,  the  original  motivation  for  the  Lambek 
calculus  [Lam58]  is  a  further  rich  source  of  examples.  Using  our  prototype  implementation  we 
have  programmed  the  two  styles  of  parsers  sketched  above.  In  many  of  our  examples,  the  ordered 
connectives  allow  a  more  concise,  logical  specification  of  algorithms  than  possible  in  other  languages. 

However,  there  are  also  some  difficulties.  If  an  algorithm  requires  more  than  one  work  queue 
or  stack  they  can  interfere,  since  we  have  only  one  ordered  context.  Another  problem  is  that 
we  sometimes  have  to  write  “glue”  code  which  initializes  or  erases  the  ordered  context  prior  to  a 
subcomputation.  Despite  these  current  limitations,  we  feel  that  ordered  logic  programming  is  an 
interesting  paradigm  which  can  shed  light  on  the  concept  of  order  in  computation  and  warrants 
further  investigation  from  all  angles. 

Besides  further  work  on  language  design,  implementation,  and  programming  methodology,  we 
also  plan  to  investigate  the  potential  applications  of  our  particular  approach  to  order  in  concurrent 
constraint  programming  as  proposed  by  Ruet  [Rue97].  Finally,  the  existence  of  canonical  forms  for 
the  natural  deduction  system  of  INCLL  [PP99]  means  that  it  might  be  possible  to  add  it  to  the 
linear  logical  framework  [CP98]  in  a  conservative  manner.  However,  we  have  not  yet  considered 
such  issues  as  type  reconstruction  or  unification. 
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Appendix  A 

We  present  our  example  parsing  derivation  in  the  resource  management  system.  As  before,  T  = 

1  :  snt  vp  «-  np. 

2  :  vp  « —  np  « —  tv. 

3  :  tv  loves. 

4  :  np  «-  mary. 

5  :  np  «-  bob. 

Here  is  an  operational  trace  of  the  derivation: 


Action 

reduce  by  1 
reduce  by  2 
reduce  by  5 

solved,  restore  pending  goal 
reduce  by  3 

solved,  restore  pending  goal 

reduce  by  4 

solved 


Active  hypotheses  and  goal  Goals  pending 
• ;  mary  loves  bob  — >  snt  none 


;  mary  loves  bob  — >  v 
;  mary  loves  bob  — >  n 
;  mary  loves  bob  — >  b 
;  mary  loves  — >  tv 
;  mary  loves  — >  loves 
;  mary  — >  np 
;  mary  — >  mary 


vp  np 
np  tv ,  np 
bob  tv ,  np 
np 

s  np 


The  following  page  contains  the  complete  derivation.  As  with  the  uniform  system,  this  is  the 
only  proof  of  the  given  end-sequent.  Notice  how  the  structure  of  this  proof  exactly  matches  the 
structure  of  the  previous  uniform  version.  Additionally,  we  note  that  the  resources  consumed 
in  a  branch  of  this  proof  exactly  match  the  resources  passed  into  the  same  branch  of  the  uniform 
version.  For  instance  ©bob  m  this  Pr0°f  begins  with  a  sequent  whose  input  ordered  context  contains 
mary  loves  bob  and  whose  output  ordered  context  contains  mary  loves □.  Thus  bob  was  the  only 
resource  consumed  in  that  proof  branch.  In  the  ©t>0b  of  the  uniform  proof,  bob  is  the  only  resource 
passed  to  that  proof  branch. 
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